Intelligent Vision Processing Lab

Adaptive Signal Processing and System Theory
(#2: The z-transform)

High Effeciency Video Coding

2023 Spring

Prof. Byung-Gyu Kim
Intelligent Vision Processing Lab. (IVPL)
http://ivpl.sookmyung.ac.kr
Dept. of IT Engineering, Sookmyung Women'’s University
E-mail: bg.kim@sookmyung.ac.kr



Contents

* Introduction of the z-Transform
« Relationship of Properties of Seq. to Its z-Transform

Z-Transform for LTI system

H.265
HEVC

High Effeciency Video Coding

. QCF@
75K
128 ktit's [ 264AVC
decoder = caF@
15 Hz




H.265
HEVC

High Effeciency Video Coding

Contents

Introduction of the z-Transform

Relationship of Properties of Seq. to Its z-Transform

Z-Transform for LTI system



Introduction

< z-Transform representation of a sequence
= Fourier transform does not converge for all sequences.
=== Generalization of Fourier Transform (FT)

» |n analytical problems, the z-transform notation is often more convenient than FT
notation.
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z-Transform (1)

% Fourier transform (FT)

X(ejw) = Z x[n]e—j‘”"

% z-Transform

0
X(z) = xin|lz™"
(2) Z "] . bilateral z-transform
n=—oo
where 2 = a constant complex variable.

2] 5 X(2)

= Unilateral z-transform

X(z) = Z x[n]z™"
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z-Transform (2)

= |n general, »=red®  (since z is complex value,)
o0
X(re/*) = Z x[n](re’) ™"
n—=——oo
xO
= ) (z[njr e en
nN=——~oao

* Fourier Transform of product of the original x[n] and "

+ If r=1, then FT of x|n] .

For unit circle in z-plane, we can evaIuateX[z] at points on the unit circle:

mm==d Fourier Transform for 0 < w < 7
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z-Transform (3)

“* Region of Convergence (ROC)
= FT and z-transform do not converge for all sequences.

= For any seq., the set of values 2z for which the z-transform power converge is called
“the region of convergence (ROC)".

If absolutely summable, FT converges to ~~~~.

X(2)| <oo if ) |x[n]l]z] ™ < o0

From the above, the convergence depends on |z| 1!

. —n
X(z) = Z z[n]z : Power series or Laurent series
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z-Transform (4)

“* Region of Convergence (ROC)

Im z-plane
P RTE Bl S
,/ . \\
/ o R
// /’J ~ A
/ / B \
l [ A \l
) o :
; 1 T Figure 3.2 The region of convergence
\ \ / ;  Re RS
\ 4 > / (ROC) as a ring in the z-plane. For
\ g LY e g specific cases, the inner boundary can
\ L extend inward to the origin, and the ROC
e S becomes a disc. For other cases, the
B i outer boundary can extend outward to
infinity.
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z-Transform (5)

* Poles and Zeros
= |n case of z-transform,

where P(z)and Q(2) are polynomials in 2

= Poles: z value of X(z)=0.
= Zeros: z value of X(z) =00

Important relationships exists between the locations of poles of X (z) and
The ROC of the z-transform.
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z-Transform (6)

= Ex 3.1) signal z[n] = a"uln]

For convergence, ~

X(z) = Z(az_l)" < 00

n=0
1 -1
Then, X(z) = T for [az""| < 1(|z| > |al).

z-plane

it rs  Unit circle
= #‘, "',:-;

Include unit-circle : sequence converges
#e Not include unit-circle: seq. does not converge

- TR, T b
ark) v
i\ 1

bR TR T et &

Figure 3.3 Pole-zero plot and region
of convergence for Example 3.1.
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z-Transform (7)

= Ex 3.3) sum of two exponential sequences

o] = (5)"uln] + (~3)"ul
X(z) = 11 + !

— 1 _—
1—352z7t  1+3z71

For convergence of X(z), |%Z—1| <land|— %z_1| <1

2 >
Z -
2
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z-Transform (8)

« ROC of the previous slide

$m  z.plane Jm  z-plane

Re

(a) (b)

$m  z-plane

(c)

Figure 3.5 Pole-zero plot and region of convergence for the individual terms

and the sum of terms in Examples 3.3 and 3.4. (a) 1/(1 — 32°"), 12| > 3.

) 1/(0+ 327", 12> 5. © /(1 = 327"+ 1/(0 + 327), 121 > 3.
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z-Transform (9)
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TABLE3.1 SOME COMMON z-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[n] 1 All 2
2. uln] ; _12_] Jz] =1
1
3 —u[-n-1} rp— |zl <1
4. 8[n —m] ™ All z except 0 (if m > 0)
or oa (if m < 0}
5. a"uln] g :;{_I |zl = la|
6. —a"u[—n -1} S 7| < lal
) 1 —az! )
az!
1. na"u[n] m 12l = |a|
i
8. —na"u[—n — 1 L — a
na"u[—n - 1) 0 —az 1y Izl < lal
1 — [coswg)z™!
9. [cos - : >1
feos wonulr] B e
. [sim ewg)z
"_ |
10. [sinwgnjuln] T Roosag)zT 122 Izl > 1
11, [¢" cos wonluln] 1-[rooswok™ .,
. " cos ennluln [ cosan)z | 47722 z
. [r sinep)z!
12. [F® —
[ sin wonjuln) 1 = [2rcosang)z—! +riz—2 i >r
a", 0<n=N-1  1-a%¥
13 {{J. otherwise 1—-az! Iz} >0
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Properties of the ROC for z-transform (1)

< Properties of the ROC

= Property 1 ~ 8
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The Inverse z-Transform (1)

% Inverse z-transform
= |s represented as complex contour integral:

1
zln] = 2_]{ X(2)2" dz,
) Jc

where C represents a closed contour within the ROC of the
z-transform.

<%+ Methods for Inverse z-transform

= |[nspection Method
By inspection certain transform pairs.
« For example, " 1

a"u[n] +— e where |z| > |a.

Then the inverse of X (z) = equals ?

= —1
1 52
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The Inverse z-Transform (2)

= Partial Fraction Expansion
- Sometimes, X (z) may not be given explicitly in an available table.
Let us assume that X (z) = a ratio of polynomials like

. bkz_k
X(z) = ol
D k—o TkZ

N M —k
_ 7 2_k—0 Dk

M NN —k
z Zk:@akz

— If M>N, then (M-N) poles at z=0.
— If N>M, then (N-M) zeros at z=0.

* Also, v
bo [T (1 — cez™")
X(Z) — N 1
ao [ [y (1 — dpz71)
where Ck = nonzero zeros of X (z) , dx = nonzero poles of X |(z)
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The Inverse z-Transform(3)

= Case 1) If M<N and poles are all the 1-st order, then

Ay
X(Z) B Z 1 — dkz—l

k=1

By multiplying (1 — dkz_l) and 2z =d, .

Ar = (1 = dpz ) X (2) 224,

= Ex 3.9) 2-nd order z-transform

1 1
X(z) = L
B =i F7 s
Let A A
1
X(z) = : - >
) == e 2> 5
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The Inverse z-Transform(4)

After computing A_1 and A_2,

—1 2 1
(Z) %Z—l) ‘Z‘

(1—3271) (11— 2

From Table 3.1 and the linearity of z-transform,

1 1

o) = 2(5)"uln] — ()" uln]

= |In case of M > N, the complete partial fraction expression would be

Normal parts Fraction parts
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The Inverse z-Transform(5)

= Ex 3.10) Inverse by partial fraction

1+ 2271+ 272 1

X(z) = > —

(2) (1—1z)1—z") >3
- A A, 1
Let X(Z)_Bo—i_(l—%z—l)+(1—22_1) |Z‘>§

c. By =2 (by direct division)
Then ~1
' —14+5
X(z) =2+ oz

(1— %z—l)(l —z71)

Now for coefficient A_1 and A 2, by A, = (1 — dkz_l)X(z)\z:dk

—1 45271 1 1
Ay = (2 1— -2z Yz=2=-9
1= (24 (1—%z‘1)(1—z—1))( 77 lE =5
AQ — 8
Therefore,

OIVPL 20



The Inverse z-Transform(6)

From Table 3.1,

2 +— 20|n],
1 1

— (_)nu[n]7
1— %12 1 2

T uln],

From the linearity of the z-transform,

. z[n] = 26[n] — 9(%)%@] + 8ufn].
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The Inverse z-Transform(7)

= Power Series Expansion

=t r[—2]2* + x[-1]z + 2[0] + z[1]z7" + - --
Ex 3.11) Finite-length Series .
Suppose X (z) = 2*(1 — 5z‘l)(l + 271 - 27,

ﬂPower series evaluation and order matching

. 2[n] = 8[n] - %5[71] _ o[ + %5[72 ).

It is very useful when X(z) is the ratio of polynomials...!!!!!
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z-transform Properties (1)

% For LTI system,
ri[n] +— Xi(z), ROC = R,

ﬂfz[n] — XQ(Z), ROC:R;UZ

Linearity

axi[n] + bxs|n] +— aXi(z) +bXy(2), ROC contains R,, N R,,.

Time shifting
x[n —mng +— Z7X(z2)

Multiplication by an Exponential Sequence
zgx[n] +— X(z/z), ROC = |z|R,.

Differentiation of X(z)

X (z)
dz

nx[n] +— —z , ROC = R,. How to prove????
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z-transform Properties (2)

= Conjugation of a Complex Sequence
z*[n] +— X*(2*), ROC =R,
» Time-Reversal
v[en] o X*(1/29), ROC:RL

If z[n] is real then
z[-n] «— X(1/z), ROC = Ri
= Convolution of Sequence '

x1[n] * xa[n| +— Xi(2)X3(z), ROC contains R,, N R,,.

= Some z-transform properties
(Refer to Table 3.2....111)
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z-transform Properties (3)

TABLE3.2 SOME z-TRANSFORM PROPERTIES

Section
Reference Sequence Transform ROC
x[n] X(z) R,
X ["] X]{I} R.‘l’|
x2[n] X2(7) R,

3.4.1 axi[n] + bxa[n] aXi(z) + bX2(2) Contains Ry, N Ry,

342 x[n —mg) " X(z) Ry, except for the possible
addition or deletion of
the origin or nc

343 zpx[n] X(z/zq) [zo| Ry

344 nx[n] —zdﬁm R . except for the possible

¢ addition or deletion of
the origin or oo
345 x*[n] X=(z%) R;
Re(x[n]) %[X[zj + X%z Contains R,
TImix[n]} zlj,pr(z) _ X*(z*)] Contains R,

346 x*[—n] X*(1/z*) 1/Ry

347 x1[n] + xz2[n) X1(z)X2(2) Contains R,, N Ry,

348 Initial-value theorem:

xn]=0, n<0 im X(z) = x[0]
Lo
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z-Transform and LTI systems (1)

% LTI systems

Y(z) = H(2)X(z) .. H(z) = X () . system function (transfer function) of
LT/ system

Ex 3.20) Convolution of ~
x|n| = Auln], h[n] = a"u|n]

n 1 A
H(z)=) a"z " = 2] > fal.  X(2) T

2| > 1.

1 —az" 1’

CIVPL 27
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z-Transform and LTI systems (2)

B A
 (I—az H)(1 -z
N TR

1—z1 1—qaz!

l Inverse of LTI system
A

- a(l — a" Huln).

. yn] =

% Some cases, LTI system function:
N

H(z) = Z]szo byz ™" ; brxln — k| = Zaky[n — k|

pr— N _k

OIVPL 28



The Unilateral z-Transform

» Unilateral or One-sided z-Transform
X(z) = Zx[n]z_"
n=0

(Plz, read the details in pp. 164-166)
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% In textbook, Chap. 3,
= Prob. 34, 3.7, 3.9, 3.17, 3.29

% Due day: ~ to the next week.
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Thank you for your attention.!!!
QnA
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